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ON COLLECTIONWISE NORMALITY
OF LOCALLY COMPACT, NORMAL SPACES

ZOLTAN BALOGH

ABSTRACT. We prove that by adjoining supercompact many Cohen or random
reals to a model of ZFC set theory, in the resulting model, every normal locally
compact space is collectionwise normal. In the same models, countably para-
compact, locally compact Tj-spaces are expandable. Local compactness in the
above theorems can be weakened to being of point-countable type, a condition
that is implied by both Cech-completeness and first countability.

INTRODUCTION

This paper is devoted to the problem of deciding whether the following hy-
pothesis and its countably paracompact analogue are consistent with the usual
axioms of ZFC set theory.

The normal locally compact space hypothesis (NLCH). Every normal locally
compact space is collectionwise normal.

Consistency is the best we can hope for, because in many models of ZFC the
hypothesis is known to fail (see below). Historically, NLCH is part of the wider
problem of when normal spaces are collectionwise normal and is a descendant
of the normal Moore space problem that asks whether normal Moore (or, more
generally, normal first countable) spaces are consistently collectionwise normal.
The normal Moore space problem has induced an extremely strong activity from
a large number of set-theoretic topologists (and set theorists) including many
of the foremost contributors in the field (see the surveys [T;, F;]). After many
partial answers, the final answer turned out to be this. If strongly compact or su-
percompact many random reals are added, by forcing, to a model of ZFC, then
the Product Measure Extensions Axiom (PMEA) holds (K. Kunen; see [F;]).
By an unexpected and elegant result of Nyikos, PMEA implies that normal first
countable spaces are collectionwise normal [N,, N,]. On the other hand, Fleiss-
ner [F,] proved that if normal first countable spaces are collectionwise normal,
then there are inner models with measurable cardinals. Thus the assumption of
the consistency of large cardinals is indeed necessary.
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The Kunen-Nyikos-Fleissner solution stimulated Tall, another main contrib-
utor to the topic, to develop direct methods of attacking the normal-implies-
collectionwise-normal problem and tc look for a significant context where this
approach could be applicable. At about the same time, making use of [F,],
Watson [W,] proved the nice result that under ¥ = L normal locally compact
spaces were collectionwise normal with respect to compact subsets. He was
the first to ask whether NLCH was consistent, although, as will turn out from
the lists below, special cases of the problem had long been worked on before.
Watson’s problem made Tall [T] put forward the

Toronto project. Prove the consistency of NLCH from the consistency of ZFC
with appropriately large cardinals.

Making progress, Tall [T,-T] actually carried out the Toronto project for
spaces of character <Z  (see (15) below). Other researchers also made signif-
icant contributions to the theme. A survey of these will be condensed in the
following two lists of results, (1)-(15) and (a)-(e).

Locally compact normal spaces are (consistently) collectionwise normal if
they are
) metacompact and perfect (in ZFC, [A,]);

2) locally connected and Moore (in ZFC, [RZ, CZ, AZ]);

3) locally connected and submetacompact (in ZFC, [G,]);

4) boundedly metacompact (in ZFC, [D,]);

5) screenable (in ZFC, [B,]);

6) connected and submetalindeldf (2 < 2“, [B,]);

7) locally connected and perfect (MA(w,), [R, L]);

8) Moore (V =L, [F,]);

9) submetacompact (V' =L, [W,]);

0) submetalindelof (V' = L, [B,]);

1) perfect (adjoining w, random reals to a model of V' = L, [T,]);

2) of weight < 2% (by forcing, from the consistency of the existence of a

weakly compact cardinal, [T,]);

(13) of character < 2“ (from PMEA [N,] or by adding supercompact many
Cohen reals [DTW]);

(14) of countable tightness (from PMEA, [Fr] improving a result of P.
Daniels);

(15) of character < Z  (by forcing, from the consistency of the existence of
infinitely many supercompact cardinals, [T,]).
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Note that in the context of (1)-(10), collectionwise normality is equivalent
to paracompactness.
In various models of set theory, the following examples of normal, locally
compact, not collectionwise normal spaces were known:
(a) assuming MA(w,), examples may be Moore and locally countable (see
[T,, F,]) and even connected [G,];
(b) in a model of GCH and <, there is a locally countable Moore example
[DS];
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(c) assuming a combinatorial consequence ¢* of V = L, there is a locally
countable and perfect example [DG];

(d) in various models of CH and —CH, there is an example which is locally
countable, Moore, w,-collectionwise Hausdorff, but not w,-collection-
wise Hausdorff [S];

(e) in a model of ¢, there is a metalindeldf and perfect example [W,].

The aim of this paper is to complete the Toronto project by proving the
following result.

Theorem 0.1. If supercompact many random or Cohen reals are adjoined to a
model of ZFC, then in the resulting model, normal locally compact spaces are
collectionwise normal.

For a more detailed statement of this, see Theorem 1.1, which is stated for the
generality of spaces of height < 2“ rather than for locally compact spaces. This
means no extra complications in the proof, but te output result then also holds
for some useful subclasses of spaces of height < 2” such as Cech-complete
spaces, p-spaces, and first countable spaces.

The proof of Theorem 0.1 (or 1.1) consists of a model-theoretic and a topo-
logical part. Forcing and reflection arguments involv’ 1g supercompact cardinals
and even related to our theme are frequent (e.g., see [KM, F,, F,]), but our ex-
position of the necessary model theory follows the machinery of [DTW]. The
plan of the proof is explained briefly at the beginning of §1. Note that Lemma
1.9 could have been replaced by a Nyikos-type PMEA result for random reals
and a homomorphism axiom treatment a la [F¢, F,] for Cohen reals.

In §2 the countably paracompact analogue of NLCH is treated.

The countably paracompact, locally compact space hypothesis. Every countably
paracompact, locally compact space is expandable.

Note that a regular 7, space X is said to be expandable if every locally finite
collection in X has a locally finite expansion by open sets. If .# = {F :a € A}
is an indexed collection of subsets of X, then = {U, : a € A} is said to
be an expansion of ¥ if F, c U, forevery a € 4. A space X is said to be
countably paracompact if every countable open cover of X has a locally finite
open refinement.

Countably paracompact, locally compact spaces are known to be consistently
expandable if they are

(1') metacompact and perfect (in ZFC, (A, D

(2') boundedly metacompact (V' =L or MM, [D,, D,]);

(3') screenable (V' =L or MM, [D,, D,]);

(4') Moore (V =L, [W,]);

(5') submetacompact (V = L, [B,]);

(6') of character < 2 (from PMEA [Bu] or by adding supercompact many
Cohen reals [T, T;]).
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Note that in the context of (1')-(4’), expandability is equivalent to para-
compactness.

All the examples (a)-(e) also are examples of countably paracompact, locally
compact, not expandable spaces. They are countably paracompact because they
are perfectly normal. They cannot be expandable, because normal expandable
spaces are collectionwise normal.

The aim of §2 is to prove

Theorem 0.2. If supercompact many random or Cohen reals are adjoined to a
model of ZFC, then in the resulting model, countably paracompact and locally
compact spaces are expandable.

Again, see Theorem 2.1 for a detailed statement. Also, Theorem 2.1 is for-
mulated for the generality of spaces with height w, a class which includes
Cech-complete spaces, p-spaces, and first countable spaces.

Our terminology and notation follow the standards of current set-theoretic
topology as used in [KV]. Our further references are [K, ] for forcing, [KM] for
large cardinals, and [K,] for random and Cohen reals. The ground model will
be denoted by V. If there is no danger of confusion (and there will never be),
then canonical names for elements of 7 will be denoted by the same letter
in a forcing statement. Given a set £, Fn(F, 2) denotes the poset of finite
partial functions £ — 2 ordered by reverse inclusion. M denotes the poset

of equivalence classes of Haar measurable subsets of 2% modulo the null sets,
ordered by inclusion. If 4 C 2% is Haar measurable, then [A] will denote its
equivalence class.

Throughout this paper, by space we shall mean a regular T, topological space.
If X is aspace, 4 > w is a cardinal, and 4 C X, then A is called a Gﬂ-set
in X if A4 is the intersection of < u open subsets of X. A family 7" of
subsets of X will be called a neighborhood base for a set C C X if for every
open set U D C thereisa W € 7 with C Cc int(W) ¢ W c U. The
character x(C, X) of a subset C in X will be the smallest infinite cardinal
u such that A4 has a neighborhood base of cardinality < u in X . The height
h(X) will be the smallest infinite cardinal x4 such that X has a cover % by
compact subsets such that C € # implies x(C, X) < u (see [A,]). Spaces X
with h(X) = w are called spaces of point-countable type. Note that if x(X)
denotes the character of X, then A(X) < x(X). Further, A(X) < |X| implies
x(X) < 1X].

1. NORMAL, LOCALLY COMPACT SPACES

The aim of this section is to give a proof for the following theorem.

Theorem 1.1. Suppose that in V, k is a supercompact cardinal and P is either
the poset Fu(k, 2) for adding k Cohen reals or the poset M, for adding x
random reals. Let G be P-generic over V . Then

VIG1E “every normal space X with h(X) < 2% is collectionwise normal.”
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Corollary 1.2. In the models V[G] of Theorem 1.1, every normal, locally compact
(or, generally, every normal Cech-complete) space is collectionwise normal.

As another special case of Theorem 1.1 the Kunen-Nyikos random real so-
lution of the normal Moore space conjecture follows (see [N,] and the survey
[F,] for the whole consistency proof). The Cohen real case was proved by Dow,
Tall, and Weiss [DTW].

Corollary 1.3 [N, Fy, DTW]. In the models V[G] of Theorem 1.1, every normal
space of character < 2% is collectionwise normal.

The proof of Theorem 1.1 is broken up into a sequence of lemmas. To set
up the plan of the proof we first need some definitions.
We shall say that a triple X = (X, r, U) is an A-structure if

(a) X is a nonvoid set;
(b) rc X? is a function from a subset of X into X

(c) UcC X is a ternary relation such that (x,u,x)e U forevery x,u e
X.

Given an A-structure (X, r, U), let us set

(1) Y, = r_l(a) C dom(r) forevery ae€ X;
(ii) Y =dom(r) =U{Y,:a€e X};

(i) U(x,u)={z€X:{(x,u,z)e U} forevery (x, u) € X,

The motivation is as follows.

Let X be an infinite space with 4(X) < |X|,andlet ¥ ={Y,:a€ X} be
a closed discrete collection in X, indexed by points of X in such a way that
Y, =Y, # @ implies a = a'. (Note that the empty set may be a member of
% and may be assigned to many indices a.) Let ¥ =% . Foreach x € X
let us fix an open neighborhood base % (x) = {U(x, u):u € X} for x in X
in such a way that

(1) there is a compact set C(x) in X such that x € C(x), x(C(x), X) <
h(X), and Z(x) contains a neighborhood base for C(x) in X, and

(2) repetitions in the indexing of % (x) are permitted.

Note that since the character of a space X with A(X) < |X]| is not greater
than |X|, such a neighborhood base 7/ (x) always exists.

Given X, %, and {Z(x): x € X} as above, we can consider the A-
structure X = (X, r, U) defined by

(Al) dom(r)=UZ% =7 ;

(A2) forevery yeY and ac X, r(y)=a if ye Y ;

(A3) forevery x,u,ze X, (x,u,z)eU iff ze U(x, u).

We shall say that X = (X, r, U) defined above is a relevant A-structure for
the pair X, % of a space X with A(X) <|X| and of a closed discrete collec-
tion ' ={Y,:a€ X} in X. Note that X also depends on the neighborhood
system % = {Z(x):x € X}, but for the argument of this section it does not
matter which % we choose provided it satisfies (1) and (2).
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Also note that (i)—(iii) are in accordance with (A1)-(A3) if X is a relevant
A-structure.

With this interpretation in mind, let us say that an A4-structure X = (X, r, U)
is separated if there is a function f: X — X such that, forevery y, )y € Y =
dom(r),

r(v) # r(y') implies Uy, f(»)n U, f(') = 2.

We shall say that X is normalized if for every function y : X — 2, there is
a function f: X — X such that for every y,) €Y,

x(r(») # x(r(y")) implies Uy, fO0)NNUQ, () =2.

An A-structure X = (X, r, U) is said to be filtered if for every x € X,
{U(x,u): ue X} forms a filter-base. Relevant A-structures are filtered.

The proof of Theorem 1.1 will consist of a model-theoretic and a topological
part. First, we shall verify that some analogues of “normal implies collectionwise
normal” type results in topology (after adding random or Cohen reals) also hold
for A-structures. The problem is that, in contrast to topology, substructures of
normalized A-structures need not be normalized. However, the model-theoretic
machinery works only if at least “many” substructures are guaranteed to be
normalized. It is not quite obvious what notion of “many” is needed, on the
one hand, to carry out the reflection argument (Lemma 1.13) and, on the other
hand, to make sure that a relevant A4-structure related to a normal space of
height < u possesses that many normalized substructures. The “correct” notion
is that of a (x, u)-c.u.b. to be defined later.

As follows from the above, the second (topological) part of the proof concen-
trates on producing a (x, u)-c.u.b. of normalized substructures of a relevant
A-structure. This is taken care of by introducing the notion of a splendid subset
of a relevant A-structure related to a normal space X with A(X) < |X]|. Sub-
structures on splendid subsets are filtered and normalized. Character reduction
and closing up techniques guarantee that splendid subsets form a (k, u)-c.u.b.
(Lemma 1.20).

Having set up the plan of the proof, we can turn to the sequence of lemmas
mentioned above. One of the common properties of Fn(x, 2) and M, that
we are going to make essential use of is that they are endowed [DTW].

Definition 1.4. Assume that FE is an infinite set, P is one of the posets Fn(E, 2)
and M., pe P,and n > 2 is an integer. For every g € P with ¢ <p . let us
define the p-size of g by

» { l4\p| if P=Fn(E, 2);
ps = .
max {k € w: u(q) < 2up)} if P=M,.
Then we shall say that a family .# of finite subsets of P is an n-dowment

“n
below p , if
(i) for every maximal antichain A below p, thereisan L € .7, with L C 4;
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(i1) whenever L, ..., L, are members of ffn and p’' < p has p-size <n,
there exist ¢, € L, (i =1, ..., n) such that {p', 4,>---,9,} has acommon
lower bound.

Lemma 1.5. If E, P, p, n are as in Definition 1.4, then there is an n-dowment
below p.

Proof. If P = Fn(E, 2), then this is “Dow’s lemma” (see [Do,, DTW]). If
P = M_, then

% = {L : L is a finite subset of conditions below p
with 1 (UL) > (1= 1/n(n+ l))ﬂ(p)}

clearly satisfies both (i) and (ii).
We shall also need the following fact concerning M, .

Proposition 1.6. Let E be an infinite set, and let p € M. . Then there is a finite
subset D of E such that for every pair e, e of distinct elements of E — D,

p =pn{he2’ hie)=0andh(e)=1}]

has p-size < 5.

Proof. Take an approximation (in measure) of p by a union of finitely many
basic open subsets of 2% . Then the union of the supports of these finitely many
open sets will do for D.

The next lemma is an A-structure analogue of the “eternity lemma” of [DTW].

Lemma 1.7. Let us suppose that in V., X = (X, r, U) is a filtered A-structure,
p is an infinite cardinal with p > |X|, and P is one of the posets Fn(p, 2) and
M . Let G be P-generic over V , and suppose that

VIG1E “X is separated.”

Then
VE “X is separated.”
Proof. Without loss of generality we may assume that X C p. By assumption
there is a function f € V[G] such that
VIG] F o(f),

where ¢(f) stands for

“f:X — X is a function and for every y, y" € dom(r),
r(v) # r(v))impliesU(y, f0)) N U, fV) =2.”

Then there are a name f € v" and a condition p € G such that val(f, G) =
f and

plEo(f).
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(Note that the free variables, other than f, in ¢(f) are all from V' and
thus can all be represented by their canonical names in the forcing statement
pi=o(f).)

Working in ¥, by Lemma 1.5 we can take a 2-dowment . C [P]~” below
p. For each x € X, let A(x) be a maximal antichain below p of conditions
deciding the value of f at x. By the definition of a 2-dowment for each x € X
we can find an L(x) € & with L(x) C A(x).

Since each L(x) is finite and X is filtered, there is a function g : X — X
in V such that

) ifyedom(r), g€ L(Y), ue X, and g+ f(y) = u,
then U(y, g(¥)) C U(y, u).

We shall show that g defines a separation of X in V. To see this, pick
y,y € dom(r) with r(y) # r(y'). We are going to show that U(y, g(»)) N
uy', gy =92.

Indeed, by the definition of a 2-dowment, there are ¢ € L(y), ¢’ € L(y') in
such a way that {p, ¢, ¢'} has a common lower bound . By r < p, rl o(f).

Let u,u € X be such that ¢ IF f(y) =u and ¢ I f(y’) = u'. Then by
r<gq,q and ri-o(f),

ri-U(y, u)n U(y/, u)y=0.
By absoluteness, U(y, u)NU(y', u') = &. Hence, by (), we conclude that

Uy, gy)nUp', g0') =2.

A technical consequence of Lemma 1.7 has to do with the notion of “almost
separated.” An A-structure X = (X, r, U) is called so if we can delete finitely
many Y, ’s in such a way that the remaining A-structure is separated. More
precisely, we shall say that X = (X, r, U) is almost separated if there is a
D € [X]1°” in such a way that the A-structure X(D) = (X,r— X x D, U) is
separated.

Corollary 1.8. Let X, p, P, G be as in Lemma 1.7. Suppose that

VIG]E “X is normalized” and
V E “X is almost separated.”
Then
V E “X is separated.”
Proof. Without loss of generality we may assume that X is infinite. Let D €
[X1°“ be such that X(D) is separated in V. Fix an a € X — D and define
7:dom(r) — X by
_ a if y e dom(r — X x D),
F(y) = .
r(y) otherwise.

Consider the filtered A-structure X = (X, 7, U). Since X is normalized in
V[G], X is also normalized in V[G]. Since range(7) is finite, this implies that



COLLECTIONWISE NORMALITY 397

X is separated in V[G]. By Lemma 1.7, X is separated in V. Since both ¥
and X(D) are separated in V', it follows that X is separated in V.

Lemma 1.9. Let us suppose that in V, X = (X, r, U) is a filtered A-structure,
p is an infinite cardinal with p > |X|, and P is one of the posets Fn(p, 2) and
M,. Let G be P-generic over V', and suppose that

VIGl1E “X is normalized.”
Then
V E “X is separated.”

Proof. Without loss of generality we may assume that X is infiniteand X C p.
In V[G], let us define a function yx;: p — 2 in the following way:

(1) if P=Fn(p, 2) thenset x,=UG;
(2) if P= M, and a € p, thenset x.(a) =i (i=0,1) iff
{he2’ hia)=i}]"€G.
Both of the above are standard ways of defining a “generic partition” on p;
see [K,, p. 901].
Since X is normalized in V[G], there is an f € V[G] with
VIGIF o(f, G),

where ¢(f, G) abbreviates the statement

“f: X — X is a function and for every y, y' e dom(r),
26(r(») # x5(r(y")) implies U(y, f)) N UG, f) =2.”
Then in V, there is a name f € V* for f and a p € G with

plko(f,G),
where G is the canonical name for G in V.
Alsoin V,let .Z C [P]"” be a 5-dowment below p.
As in the proof of Lemma 1.7, for each x € X, fix an antichain A(x)
below p of conditions deciding the value of f at x, pick L(x) € . with
L(x) C A(x), and consider a function g: X — X in V' such that

if yedom(r), ge L(y),ue X and g I+ f(y): u,
then U(y, g(y)) C U(y, u).

By Corollary 1.8 it is enough to show that g almost separates X. To see
this, let D = dom(p) if P = Fn(p, 2) and let D € [X]™ be any set satis-
fying the conclusion of Proposition 1.6, if P = M,. We have to show that
v,y €dom(r), r(y),r()') € X =D, and r(y) # r(y/) imply U(y, g(») N
Uy ,gW))=9.

Indeed, let r(y) =a, r(y') =4, and consider
;o { pU{{a,0),(d, 1)} if P=Fn(p,?2),

pN[{he2’ h(a)=0and h(a')=1}] if P=M,.

(*)
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In both cases, since a, a' ¢ D, the p-size of p is < 5. Therefore there are
ge L), ¢ € L(y) such that {p’, q, ¢’} has a common lower bound r. By
r<p'<p,

) rio(f, G) and riF xa(r(v)) # xo(r").

Now, let u, u' € X be such that ¢ I f(y) =« and ¢' + f()') = «'. By
r<g,q and (x),
rEUy, u)nUY ,u)=0.

By (x) and absoluteness it follows that
Uy, s)nUW, gv)) = 2.

Supercompact elementary embeddings and x-c.c. forcing extensions are re-
lated by the following lemma. The proof can be found in §2 of [DTW]. (Note,
however, that making use of the fact that j | P: P — j(P) is a complete
embedding for k-c.c. posets P, part of their proof can be simplified to avoid
master conditions and forcing products.)

Lemma 1.10. Suppose that in V, k is a supercompact cardinal, P is a k-c.c.,
separative poset, G is P-generic over V , and B is an ordinal with B >k +|P|.
Then there are M, j, G* and ] such that the following conditions hold:

-

1) M is a transitive class closed under Z p-sequences,

) j:V — M is an elementary embedding with critical point « :

) J(k) >3,

) (M[G]), = (VIG]y. i.e, M[G] and V[G] have the same sets of rank
<B;

(5) G* is j(P)-generic over M ;

(6) G={peP:j(p)eG}:

(7) j:VI[G]— M[G"] is an elementary embedding,

(8) if x e V[G] and x € VP isa P-name for x , then J(x) =val(j(x), G*);

(9) if x € V[G] has a P-name of cardinality < 2 in vV, then j"'x €

M[G™].

Proof. The existence and properties (1)—-(8) of M, j, G*,and j are explicitly
stated in §2 of [DTW]. To see that (9) also holds true, let us take, in V', a P-
name 7 = {(7,,p,)a <u} for x such that 4 <2,. Then by (1), J'teM.
A straightforward calculation shows that

val(j't, G*) = j'x,
so j'x e M[G"].

Definition 1.11. Let «, x4 be cardinals, X be a set, and suppose that |X| >k >
U>w. Asubset AC [X] is said to be u-directed if, for every A € [A]*,
there isa D € A with JA' € D. A subset I C [X]™" is called (k, u)-closed,
if for every u-directed A € [I'1"*, A € I'; cofinal, if for every Z € [X]™"
thereisa Del with Z cCD.
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If T c [X]™" is both (x, u)-closed and cofinal, then we shall say that T is
a (k, p)-cub.

Remark. By the definition above, (k, w)-c.u.b.’s are exactly the c.u.b.’s in the
usual sense. For x4 > w, , ordinary c.u.b.’s are (k, u)-c.u.b.’s, but not vice
versa, as is shown by the example T = {Z € [A]™" : cf(supZ) > u}, where
X=A2Kk>u>w,.

An ascending chain A € [X]™" of cofinality J, where u <6 < k, is clearly
u-directed. There arises the question of whether, in the above definition, one
can relax the requirement that I" is closed under unions of u-directed sets to
closedness under unions of such ascending chains only and still get the same
concept. The following simple example (given by F. Galvin) shows that this is
not so.

Let u=w,, R” <cf(k) =k <A,andletusput T ={Z € [A]™: |Z| #R_}.
Then T is cofinal in [A]*" and, for each regular § with w < J < k, T is closed
under ascending unions of cofinality ¢ . On the other hand, A= [X ] € [IT™"
is w -directed, but JA=R_ ¢ T.

An important observation concerning u-directedness is that it is preserved
by c.c.c. forcing.

Proposition 1.12. Suppose that in V, k > u > w are cardinals, P is a c.c.c.
poset, X is a set with |X| > k, and A c [X]™" is u-directed. Let G be
P-generic over V. Then

VIG]E “A is u-directed.”
Proof. In V[G], let A" € [A]**. Since P is c.c.c, thereisa A” € [A]** in V

such that A" c A”. Since A was u-directed in V', there isa D € A satisfying
UA"” ¢ D, and thus A  c D.

In the following lemma, let ®(X) stand for “ X is not separated.”

Lemma 1.13. Suppose that in V, k is a supercompact cardinal, u is a cardinal
with k > i > w, P is either the poset Fn(k, 2) or the poset M, , and G is
P-generic over V. Then
VIGIE “If x =(X,r,U) isan A-structure, |X| >k, I' isa
(k, p)-c.u.b. subset of [X1°", and ®(X) holds, then there is a
Z €T such that ®({Z , rnz*, Un Z3)) holds.”
Proof. Without loss of generality we may assume that the underlying set X of
X is an ordinal A > k. Let us choose another ordinal f such that f > A+ w.
With this g, let us consider M, j, G*, and j such as in the conclusion of
Lemma 1.10. Throughout the proof, the notation (k), k=1,..., 9, will refer
to one of the conditions (1)-(9) in Lemma 1.10.
Since f > A+ w, ®(X) and “T is u-directed” are ZFC-equivalent to their
versions with quantifiers restricted to sets of rank < .
Note that in V[G], T is u-directed (since it is cofinal in [A]"" ). Therefore

(VIG])p F @(X) and * I' is p-directed.”
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By (4),
(M[G])/), E®(X) and “T is u-directed.”
Again, since ®(X) and “I" is u-directed” are ZFC-equivalent to their versions
restricted to sets of rank < g, it follows that
M[G1E ®(x) and “T is u-directed.”

By standard factorization properties of P = Fn(j(x), 2) or M, (see [K,,
p. 904]), M[G"] is an extension of M[G] by forcing with Fn(j(k)—x, 2) and
M respectively. Thus

(a) M[G"]F ®(X) by Lemma 1.7;
(b) M[G*1E “T is p-directed” by Proposition 1.12.

Let X = ("4, j"r,j’U) and T = j'T". Note thatin V, A, r, U,and T
can all be represented by names of cardinality <~1ﬂ . (For 4, r,and U this
is trivial; for T see §5 of [Fg].) Thus by (9), X, € M[G"].

Further, since j | X is an isomorphism between X and X , it follows from
(a) that

(@) M[G'|EF ®X).

Since in V[G], A€, 4Tl implies |4 < k,and j(a) =« for every
a € K, if follows from (7) that j(4) = j"A4. Thus T'= j'T'={j"4: 4T},
so by (b), ~

(') M[G*1E “T is u-directed.”

By elementarity of j and j(u) = u,

(¢) MIG"]F ®(j(%)) and *j(T) isa (j(x), u)-c.ub. on [j(A)]7*

By I'=j'T'c j(T') and j(x) = j(x) > 2y > [T},

(d) M[G1E “Tisa u-directed subset of j(I') of cardinality < j(k).”

Since I = 4, it follows from (c) and (d) that

M(G"1E “j"A=JTej).”
Therefore
(e) M[G"]F “j(X) has a substructure X with underlying set in j(I') such
that ®(X¥) holds.”
By the elementarity of j, (e) can be pulled back to get

VIG]E “thereisa Z €T such that ®((Z, rnZ>, UNZ")) holds.”

Definition 1.14. Let x, v be cardinals with o < v < v* < cf(k), X be
a normal space with |[X| > x and A(X) < v, ¥ ={Y,:a € X} bea
closed discrete collectionin X, Y =|J %, and let us fix a relevant A-structure
X=(X,r,U) for X and % . For every subset Z of X and every point
xXeZ,let

C(x,Z)=(WUlx,u):ueZ},
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and for every a € X, let
Y,(Z2)=|J{Cr.2Z):yeY,nZ}.

(Note that since Y, N Z may be empty, some of the Y, (Z)’s may also be
empty.)

By normality, for every a € X fix a pair of open sets G(a) and G‘(a) in
such a way that

Y,CG(a), Y-Y,CG(a), and G(a@)nG(a)=02

hold.

Then we shall say that a subset Z C X is splendid if the following conditions
are satisfied:

(a) for every a e X,

Y (Z)C G(a) r‘rﬂ{GC(b) :Y,NZ #Q and b # a};
(b) Z(Z)={Y,(Z):ae€ X} is a discrete collection of subsets in X ;

(c) forevery x € Z, C(x, Z) is a compact subset of X and {U(x, u) :
u € Z} is a neighborhood base for C(x, Z) in X .

Definition 1.14". Let Z € [X]™°. We shall say that a set Z' € [X]" is an
extension of Z (toward splendidness) if Z' D Z and the following conditions
hold:

(a') for every ae X,

Y(z,Z) = J{Cy,Z):yeY,nZ}
CG@)n( WG (b): Y,nZ # D and b # a};

N AVAVAE Y,(z, Z'):a e X} is a discrete collection of sets in X ;

(c') forevery x € Z , there is a compactset C(x, Z, Z') such that C(x, Z')
cC(x,Z,Z"Yc C(x,Z) and {U(x,u):u e Z'} contains a neighborhood
base for C(x,Z,Z') in X.

Proposition 1.15. With the definitions above, if Z is a splendid subset of X,
then the substructure (Z ,rNZ ‘.unz 3) of X is filtered and normalized.

Proof. This follows immediately from (b), (c) in the definition of “splendid”
and the normality of X .

Proposition 1.16. In a normal space X, every discrete collection % =
{Y, :a € X} has a discrete expansion # = {R,:a € X} by G -sets, where
p=Zl+o=[acX: Y, #T}+w.

Proof. By normality, for each a € X there is an open set V, in X such that
VoY, V,nU{Y,:be X ~{a}} =, and Y, =@ implies V, = . Also
by normality, there is an open set W with

U7z cwcecwWcl |V, aeXx}.
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Then # ={R,:ae€ X}, where R, =W - [{V,:be X —{a}} (acX),will
be as required.

To prove Lemma 1.18, we shall need the following standard facts from topol-
ogy. The straightforward proofs are left to the reader.

Proposition 1.17. The following assertions are valid for a space X :

(1) if C C X iscompact, 7 is a neighborhood base for C in X, and %
is a locally finite family in X, then there isa W € #" such that W meets only
finitely many members of % ;

(2) if & is a filter-base of compact subsets of X and for each C € €, 7 (C)
is a neighborhood base for C, then \J{Z (C): C € &} is a neighborhood base
for N%;

(3)If xe X, C > x isacompact subset of a regular X with x(C, X) < u,
W C P(X) contains a neighborhood base for both x and C in X, and R
is a G,-subset containing x, then there isa %" C %" such that |¥"| < u,
C'=(W:We#'}cCnR,and 7' forms a neighborhood base for C' in
X.

Lemma 1.18. Under the assumptions of Definitions 1.14 and 1.14", every Z €

[X]° has an extension Z' € [X]™".

Proof. Let Z € [X]™". Without loss of generality we may assume that |Z| =

p>w.Letusput D(Z)={a€ X:Y, NZ =2}. Observe that |D(Z)| < p.
By Proposition 1.16, Y(Z) = {Y,NZ: a € X} has a discrete expansion R =

{R,:a € X} by Gp-sels in X. Since |D(Z)| < p, without loss of generality

we may assume that

a€ D(Z)implisR, C G(a)N ﬂ{Gc(b): beD(Z)and b # a}.

By Proposition 1.17(3), for each x € Z we can pick a compact set C(x) with
C(x,Z) > C(x)>x such that C(x) has a neighborhood base {U(x, u): u €
Z. .} of cardinality < p-v, and if a € D(Z) and x € Y, NZ, then C(x) C
R, holds. Let us put zZ'=z UU{Z,: x € Z} and let, for every x € Z,
C(x,Z,Z') be the compact set C(x) picked above. This choice of Z' and
C(x, Z,Z') clearly satisfies (a'), (b'), and (c¢') in Definition 1.14".

Lemma 1.19. Under the assumptions of Definitions 1.14 and 1.14", let A C
(X1 be a v*-directed family such that every Z € A has an extension Z' € A.
Then Z™ =|JA is a splendid subset of X .
Proof. To see that (a) is true, let a € X and let y be an arbitrary point of
Y,NZ. Thenthereisa Z€A with ye Y, NZ. Let Z' € A be an extension
of Z. Then by (a'),

(i) Cy,Z")cCy,Z)cY,(Z,Z')CGa).

Further, let b # a be such that ¥, N Z" # &. Then there isa Z, € A with
y€Z, and Y,NZ, #3. Let Z| €A be an extension of Z, . Then, again by
(a') of Definition 1.14', it follows that
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(i) C(y,Z")CcCWy,Z)CYI(Z,,Z)CG(b).
Since b # a was arbitrary, it follows from (i) and (ii) that

C(y,.Z")cGan[{G(b): Y,nZ" # D and b # a}.
As y € Y, NZ" was arbitrary, this implies
Y,(Z") c Ga)n[ G (b): Y,NZ" # D and b # a}.

a

To see that Z"* also satisfies (b), note first that since Z* has already been
shown to satisfy (a), {Y,(Z"): a € X} is a pairwise disjoint collection of closed
sets in X . So in order to prove that % (Z") is a discrete collection it is enough
to show that %' (Z") islocally finite. To see local finiteness, let x be an arbitrary
point in X . Since A(X) < v, there is a compact subset C > x of X such
that C has a neighborhood base 77" of cardinality < v in X . Making use
of Proposition 1.1.7(1), suppose indirectly that for every W € 7", there is a
countably infinite subset A(W) C X such that a € A(W) implies W' N Ya(Z*) #
.

Then foreach W € 7" and a € A(W), let us pick a point y(a, W) € Y, NZ"
such that C(y(a, W), Z")NW # &. Since A is v'-directed, therea Z € A
with

a, W)y :wWeZ andae A(W)} C Z.
Let Z' € A be an extension of Z . Thenby C(y(a, W), Z*) c C(y(a, W), Z')
it follows that for every W € 77", W meets Y (Z, Z') for infinitely many
a € X, in contradiction with (b’) and (1) of Proposition 1.17.

Finally, to see that Z™~ satisfies (c), fix an extension Z' € A for each Z € A
and let us observe that for every x € Z~

C(x,Z)=({C(x,Z,Z"): ZeA}.

Since each C(x, Z, Z'), Z € A, is compact, C(x, Z") is compact in X .
Since A was directed, {C(x, Z, Z'): Z € A} forms a filter-base. Then by
Proposition 1.17(2),

Uy, uw:ueZ)=J{Uy.u:uez}
ZeA

is a neighborhood base for C(y, Z").

Remark. Note that we have used that 4(x, X) < v™ forall x € X, in contrast
to [N,, DTW], which use x(v, X) <2“ only for ye % .

Lemma 1.20. Under the assumptions of Definition 1.14, the set
I'={Z e[X]™": Z is splendid}
isa (k,v")-cub. on [X]°*.

Proof. In order to prove that I is (x, v™)-closed, let us consider a v -directed
subset A € [I']*", and let us put Z* = |JA. Since « is regular, Z"~ € [X]".
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Note that if Z € [X]™" is splendid, then Z extends itself. Thus by Lemma
1.19, Z* is splendid and Z* €T .

In order to see that I' is cofinal in [X]™*, let Z be an arbitrary member of
I', and let us define, inductively, a sequence {Zé: Eev’} by putting

Zy=12,

Z., = Zé' , where Zé' is as in Lemma 1.18;
Z,=U{Z,:n<&},if & <v” is alimit ordinal.

Since x = cf(k) >v", Z" = U{Z,: ¢ e v} € [X]™. By Lemma 1.19, Z*
is splendid.

Proof of Theorem 1.1. Suppose indirectly that in V[G] there is a normal space
X such that A(X) = v < 2” = k and there is an unseparated discrete collection
% = {Y,:a € X} of closed subsets. By adding a clopen discrete subspace
of size ¥ to X if necessary, without loss of generality we may assume that
|X| > k. Consider a relevant A-structure X = (X, r, U) for the pair X, % .
By Lemma 1.20 and Proposition 1.15,

(Z e[X]™:(Z,rnZ*, UNZ’ is filtered and normalized}

contains a (x, v")-c.u.b. I'. Since % was an unseparated collection in the
topological space X, X is an unseparated A-structure in V[G]. Thus by
Lemma 1.13, thereis Z € T" such that (Z, rnZz, UﬂZ3) 1s an unseparated A-
structure in V'[G]. On the other hand, it follows from Lemma 1.9 and standard
factorization properties of P (see [K,, p. 904]) that in V[G] every filtered and
normalized A-structure of cardinality < k is separated, in contradiction with
the existence of Z as above.

2. THE COUNTABLY PARACOMPACT CASE
This section is devoted to the proof of the following result.

Theorem 2.1. Suppose that in V', k is a supercompact cardinal and P is either
the poset Fn(w x k, 2) for adding x Cohen reals or the poset M, for adding
Kk random reals. Let G be P-generic over V . Then

VIG]E “every countably paracompact space with h(X) = w is expandable.”

Corollary 2.2. In the models V[G] of Theorem 2.1, every countably paracom-
pact, locally compact (or, more generally, every countably paracompact, Cech-
complete) space is expandable.

Another special case of Theorem 2.1 is Burke’s (and Tall’s) solution to the
" “countably paracompact Moore space conjecture.” More exactly, the following
result was proved first by Burke [Bu] for random reals and then by Tall [T,, T;]
for Cohen reals. (Note that in [Bu, T,, T,] the authors restrict themselves to
discrete rather than, more generally, locally finite collections, but the two are
equivalent by the Smith-Krajewski theorem quoted below.)
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Corollary 2.3 [Bu, T,, T,]. In the models V[G] of Theorem 2.1, every countably
paracompact, first countable space is expandable.

In countably paracompact spaces expandability is equivalent to the appar-
ently weaker notion of discrete f-expandability. A space X is called discretely
0-expandable [Sm] if every closed discrete family {Y,:a € X} has a sequence
of expansions & = {G(n,a):a € X} (n € w) is such a way that for every
X € X, there is an n = n(x) € w such that & is locally finite at x. We can
invoke the following result from topology [SmK, Sm]:

The Smith-Krajewski theorem. 4 countably paracompact space is expandable if
and only if it is discretely 0-expandable.

The proof of Theorem 2.1 will follow the plan of the proof of Theorem 1.1.
Several results used will actually be the same. We shall spell out those that are
different following the numbering in the first section.

The definition of an A-structure and of a relevant A-structure for a pair X,
% will remain the same. Let us say that an A-structure X = (X, r, U) 1is
0-expandable if there is a sequence f, : X — X (n € w) of functions such that
for every x € X thereare t€ X, n € w with

S(x,t, f,)={r(y):yedom(r)and U(x, )N U(y, f,(¥)) # D}

finite.
We shall say that X is w-expandable if, for every function y: X — w, there
is a function f: X — X such that for every x € X thereisa 1€ X with

T(x,t,x,f/)={x(r(y)): y €edom(r) and U(x, )N U(y, f(»)) # D}

finite.

To motivate this notion, let X be countably paracompact, X be relevant
for X, % . Then “X is w-expandable” says that any partition y: X — w of
(the indices of members of) % into w many pieces has a locally finite open
expansion.

The definition of a filtered A4-structure remains the same.

Definition 2.4 and Lemma 2.5 are identical with Definition 1.4 and Lemma
1.5. Instead of Proposition 1.6 we need the following fact with a similar proof.

Proposition 2.6. Let E be an infinite set, let p € M., and let m € w. Then
there is a finite subset D of E such that for every sequence.

{(ey, ig)> (e, i), ... (e, i)} C(E-D)x2,
p=pnl{he2® hie)=i,, j=0,....m}]

has p-size < 2" +2.

The analogue of Lemma 1.7 is this.
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Lemma 2.7. Let us suppose that in V., X = (X, r, U) is a filtered A-structure,
p is a cardinal with p > |X|, and P is one of the posets Fn(w x p, 2) and
M, ,- Let G be P-generic over V', and suppose that

V[G] = “X is 0-expandable”.

Then
VE “X is 8-expandable’.

Proof. Without loss of generality we may assume that X is infiniteand X C p.
By assumption there isan f € V[G] such that V[G]F ¢(f), where ¢(f) stands
for

“frwxX — X isafunction, y€ Y and n € w imply U(y, f(n+1,y)) C
Uy, f(n,y)), and further, for every x € X there are 1 € X and n > 2 such
that

S(x,t,n, f)={r(y):yedom(r)and U(x, NN U(y, f(n,y)) # 3}

is finite.”
Then there are an f€ V" anda p e G with val(j, G) = f and p I ¢().
Working in V', for each n > 2, let £, C [P]™” be an n-dowment below p.
Foreach z€ X and n > 2, let A(n, z) be a maximal antichain below p of
conditions deciding the value of § at (n, z). Foreach n >2 and z € X, fix
an L(n, z) € £, with L(n, z) C A(n, z). Since each L(n, z) is finite and X
is filtered, for every n > 2 we can take a function g : X — X in V such that

if yedom(r), ge L(n,y), ue X, andgl-f(n,y)=u,

*
™ then U(y, g(v)) Uy, u).

We are going to show that {g, : n > 2} witnesses 6-expandability of X in
V. To see this, let x € X. By p - ¢(f) thereare r€ X, n>2, k € w, and
p(x) <p with p(x) - [S(x,t,n,fl <k.

Since ¢(f) implies that S(x, ¢, n, f) decreases as n increases, without loss
of generality we may assume that n > ps(p(x)) + k + 2.

Indirectly assume that |S(x, 7, g,)| > w. Then there is a sequence y,, ...,
y, € dom(r) such that

(i) r(y;))=a, (i=0,..., k) are pairwise distinct;
(i) Ux,)nU(y,, g,y,) #2 for i=0, ..., k.
Since .7, was an n-dowment, there are g, € L(n,y;) (i=0,...,k) such
that {p(x), q,, ..., q,} has a common lower bound r. By r < p(x),
(%) ri=|S(x,t,n, f)| <k.
On the other hand, let u, € X (i =0, ..., k) be such that g, I f(n,y,) = u,

(i=0,...,k). By (x) and (i1) it follows that
Ux,)nUy,, u) #2 (i=0,...,k).

By absoluteness, this implies r I |S(x, ¢, n,f| > k + 1, in contradiction
with (%) .



COLLECTIONWISE NORMALITY 407

The equivalent of Corollary 1.8 is not needed for the countably paracompact
case. The analogue of Lemma 1.9 is this.

Lemma 2.9. Let us suppose that in V, X = (X, r, U) is a filtered A-structure,
p is a cardinal with p > |X|, and P is one of the posets Fn(w x p, 2) and
M, s Let G be P-generic over V', and suppose that

VIG]1 I+ “X is w-expandable.”

Then
V' E “X is 0-expandable.”
Proof. Without loss of generality we may assume that X is infiniteand X C p.
In V[G] let us define the functions v : wxp — 2 and x;: p — w by putting
(a) =G for P=Fn{w x p, 2);
( ) v (( ca)) =i (i=0,1) iff [{he2”’:hlk,a)=1i] €G for
=M,
( )
0 if y,((k,a))=0forevery k € w,
Xgl) = { min{k € w: y,((k, a)) = 1} otherwise.
By assumption there is an f € V[G] such that
VIGTIF o(f, X5)

where ¢(f, x.) stands for

“f: X — X is a function and for every x € X, thereisa ¢t € X with
T(x,t, x;,f) finite.”

Thus there are j € V¥, p € G such that val(j, G) = f and p Ik o(f, ) -

As in the proof of Lemma 2.7, for each n > 2 let £, C [P1°” be an n-
dowment below p. For each z € X, take a maximal antlcham A(z) below
p of conditions deciding the value of f at z. Forevery n > 2 and z € X,
fixan L(n, z) € £, with L(n, z) C A(Z). For each n > 2, take a function
g, X — X in V such that

if yedom(r), ge L(n,y), ue X, and g+ f(y) =u,
then U(y, g,(»)) C U(y, u).

We are going to show that {g,: n > 2} witnesses ¢-expandability of X in
V. To see this, let x € X .
Since p IF o(f, X)), thereare t€ X, k € w, and p(x) < p with

X)HIT(x, 1, %, Pl < k.

(*)

Let (a) n > (ps(p(x)) + DK 1 3).
Further, let
dom(p(x)) if P=Fn(w, 2);
D = { the D from Proposition 2.6 applied for p(x) € M

wxXp
andm=(k+17>-1 ifP=M

wxp*
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Indirectly assume that |S(x, 7, g,)| > @ . Then there are y,, ...y, € dom(r)
such that
(i) r(y;)=a;, (i=0,..., k) are pairwise distinct;
(i) (wx{a;}))ND= (i=0,...,k);
(i) Ux. 0NV, g0) #2 (i=0,....k).

Let | ifi=
mr=j,
al‘jz{ JPa .
0 ifi#j
be Kronecker’s delta, and consider
. p(x)U{{{j,a),9d;,):i,j=0,....k}if P=Fn(wxp,2);
p(x)N[{h €2’ th((j,a)) =0, fori, j=0,...,k)}Jif P=M, .

By (ii), p’ is well defined and has p(x)-size < 2<k+”2+2 in both cases. Thus
by (a), p’ has p-size < n. Since -, is an n-dowment, there are ¢, € L(n, y,)
(i=0,...,k) such that {p', dy» --- > 4,y has a common lower bound r.

Since r < p’ < p(x), it follows that

(**) r”_IT(xst5XG’f)|Sk
and
(*%%) ricxela;) =1 (i=0,...,k).

Let u;€ X (i =0,...k) be such that g, I- f(y[) = u;. Then by (iii) and
(%)
Ux,n)nU(y,, u;) # 3.
By (*%x), (1), and absoluteness,
in contradiction with (#x).

Lemma 2.10, Definition 2.11, and Proposition 2.12 are identical to 1.10,
1.11, and 1.12, respectively. Lemma 2.13 is the same as Lemma 1.13, except
that ®(X) now stands for “ X is not #-expandable.” The proofs of 2.13 and
1.13 are exactly the same. We must redefine “splendid.”

Definition 2.14. Let «, v be cardinals with w <v < vt < cf(x), let X bea
countably paracompact space with |[X| >« and A(x)<v, % ={Y,:a€ X}
be a closed discrete collection in X, Y = J% , and let us fix a relevant A-
structure X = (X, r, U) for X and % . For every subset Z of X and every
point x € Z , let

Cx,Z)=(WUx,u):ueZ},

and for every a € X, let
Y, (Z)=|J{C(y.Z):yeY,nZ}.
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Then we shall say that a subset Z C X is splendid if the following two
conditions hold:
(a) Z(Z)={Y,(Z):a€ X} is alocally finite collection in X ;
(b) forevery xe Z, C(x, Z) is a compact subset of X and {U(x, u):
u e Z} is a neighborhood base for C(x, Z) in X.

Proposition 2.15. With the definitions above, if Z is a splendid subset of X,
then the substructure (Z ,rNZ 2 , UnZ 3) of X is filtered and w-expandable.

Proof. This follows immediately from the definition of “splendid” and the
countable paracompactness of X .

The following “automatic character reduction” lemma was proved by the
author [B,]. He does not know whether #(X) = w in it can be weakened to
h(X) < 2%,

Lemma 2.16 [B,]. In a countably paracompact space X with h(X) = w, every
discrete collection % = {Y,:a € X} has a locally finite expansion

KX ={R,:a€X} by G -sets, wherep=|7|+w=[{acX:Y, #0}+ow.
Proposition 2.17 is identical to 1.17.
Lemma 2.20. Under the assumptions of Definition 2.14, if v = w, then
I'={Z e[X]™": Z is splendid} is a (x, w,)-c.u.b. on [X1°".

The proof is similar to the proof of Lemmas 1.18-1.20 (actually, it is slightly
simpler because we can forget about the G(a)’s) and is therefore omitted.

Finally, the above sequence of lemmas can be put together to a proof of
Theorem 2.1 in the same way the corresponding lemmas were put together in
the first section to yield a proof of Theorem 1.1.

Final remarks. (1) The author does not know whether A2(X) = w can be im-
proved to 4(X) < 2 in Theorem 2.1. Lemma 2.16 is the only place in the
proof of Theorem 2.1 where A(X) = w is made use of, so it would be enough
to improve or bypass this lemma.

(2) By Fleissner’s famous result [F,], if all normal Moore spaces are metriz-
able, then there is an inner model with a measurable cardinal. Therefore to
prove the consistency of either “every normal space X with A(X) = w is col-
lectionwise normal” or “every countably paracompact space X with A(X) = w
is expandable,” some large cardinal hypotheses are necessary, since both of these
statements imply that normal Moore spaces are metrizable.

It is not known, however, what happens, if “ 2(X) = @ ” is replaced by “lo-
cally compact.” The following problem is probably the most important question
left open in this paper.

Problem. Can the consistency of either “normal, locally compact spaces are
collectionwise normal” or “countably paracompact, locally compact spaces are
expandable” be proved without large cardinals?
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